Geometrical action for $w_\infty$ algebra as a reduced symplectic
  Chern-Simons theory by Manvelyan, R. P. & Mkrtchyan, R. L.
ar
X
iv
:h
ep
-th
/9
40
10
32
v1
  1
0 
Ja
n 
19
94
Geometrical action for w∞ algebra as a
reduced symplectic Chern-Simons theory
R.P. Manvelyan and R.L. Mkrtchyan ∗
Yerevan Physics Institute
Yerevan,Alikhanyan Br.st.2,375036 Armenia
Abstract
The geometric action on a certain orbit of the group of the area-
preserving diffeomorphisms is considered, and it is shown, that it coin-
cides with a special reduction of the three-dimensional Chern-Simons
theory, under which group and space coordinates are identified.
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1 Introduction
The method of coadjoint orbits proves to be useful in many problems in
physics and mathematics [1]. The area of applications of that method is
enlarged in the last years by considering the coadjoint orbits of infinite-
dimensional groups and algebras, such as Virasoro, Kac-Moody, diffeomor-
phisms, etc [2]. In the present work we would like to consider the previously
constructed geometric action on the coadjoint orbits of the group of the area-
preserving diffeomorphisms of 2d surfaces [3], for a special orbit, and will find
an interesting connection with three-dimensional Chern-Simons theory [4].
2 Geometrical and Chern-Simons action
The general form of a Hamiltonian system on a coadjoint orbit of the (non
centrally-extended) group of the area-preserving diffeomorphisms of some
two-dimensional surface is the following [3]:
Sgeom(F ) =
∫
d2xdt[Bi(F
j)dF i/dt+ λ({F 1, F 2} − 1)−H(F )] (1)
where Bi(F (x, t)) is the one-form, which characterizes the orbit, the F
i are
the group elements, parametryzing orbit, and {, } is the Poisson bracket,
inverse to closed two-form, which in the simplest case of torus or plane is
dx1dx2 . The F i have to satisfy the {F 1, F 2} = 1 restriction of the area-
preservation, which is taken into account in the second term in (1) through
the Lagrange multiplier λ(x, t). The first term in (1) is the Kirillov-Kostant
symplectic one-form [2], the last is some Hamiltonian. We would like to set
H = 0,choose the special orbit, corresponding to
Bi(F ) = ǫijF
j
and make the following field redefinition:
F i = xi + ǫijaj ,
λ = a0
Then S receives a form (after rescaling of a = aµdx
µ , µ = 0, 1, 2 )
S(a) = k
∫
Tr[ada+ (1/3)a{a, a}] (2)
1
from which it is evident, that S possess the gauge invariance with respect to
the following gauge transformation with parameter ε(x):
δaµ = ∂µε+ {aµ, ε} (3)
That follows from the fact, that the theory (2) has the form, very similar to
the standard Chern-Simons [4]:
S = k
∫
AdA+ (1/3)A[A,A]
theory, with usual Lie algebra commutator of potentials A replaced by the
Poisson bracket {, }, which also satisfies the Jacoby identity and actually may
be considered as a commutator in a Lie algebra of a functions on a surface, or
as a commutator in the Lie algebra of the area-preserving diffeomorphisms
of a surface. The only, but essential, difference with usual Chern-Simons
theory is in the following. In the standard situation the Lie algebra indexes
of a vector-potential Aaµ , i.e. index a, are completely different from its space-
time ”indexes”, i.e. its x dependence. In (2) these two sets of indexes are
identified: the Poisson bracket contains the space derivatives ∂/∂xi . We
shall show now, that the action (2) may be obtained as a some reduction
of the symplectic Chern-Simons theory, and this reduction really means an
identification of the space and group coordinates. Let’s consider the so-called
symplectic Chern-Simons theory, i.e. the CS theory with gauge group w∞
of the area-preserving transformations of some 2d surface with coordinates
yi ,i = 1, 2. We shall take that 2d surface to be a torus, which simplifies
formulae, although the general case may be considered. The representation
of the gauge algebra, in which the gauge potentials A receive their values,
is the following: A is the function not only of space-time coordinates x ,
but also of torus coordinate yi , A = Aµ(x, y)dx
µ. The commutator is the
Poisson bracket:
[A,A] = {A,A} = ǫij(∂/∂yi)A(∂/∂yj)A (4)
and the trace is the integral over y coordinates, so the action and gauge
transformations of the symplectic CS theory may be written as
SCS = α
∫
(d2y)(AdA+ (1/3)A{A,A}) (5)
2
δA = dε+ {A, ε} (6)
which is similar to (2), but different, due to the, first,integration over torus
and second, the fact that Poisson bracket now have to be taken with respect
to the y - coordinates. Now we would like to adopt a following limiting
procedure, which gives a certain reduction of S . We make an anzatz
Aµ(x, y) = aµ(x
0, (xi + yi)/2)exp((xi − yi)2/2t) (7)
α = k/t
and take the limit t ⇒ 0. Substituting (7) into (5), we have, taking a limit
t⇒ 0, using
(1/t2)exp((xi − yi)2/2t)⇒ δ(2)(x− y),
and rescaling α and k:
SCS ⇒ S
3 Observables
The standard set of observables for CS theories consist from an arbitrary
Wilson loops [4]. The definition of the Wilson loop for our theory cannot
be done straightforwardly, since the group and space coordinates are mixed
(identified) and standard definitions fail. The way out is in the following
artificial disentangling of the space and group coordinates. The gauge group
of our theory is the group of the area-preserving transformations. Usually
the infinitesimal group element, corresponding to element dxµ of the curve
C, is given by the expression 1 + dxµAµ. In ourcase this element have to
be infinitesimal area-preserving diffeomorphism. This follows from the rule
(3), (6) for the gauge transformations. For the symplectic CS theory (5) the
analog of 1 + dxµAµ is, clearly, the infinitesimal diffeomorphism of torus
yi ⇒ yi + ǫijdxµ(∂/∂yj)Aµ(x, y) (8)
and to each oriented curve C with given initial and final points x1 and x2
corresponds an element of the group of the area-preserving diffeomorphism of
the torus, given by the composition of the infinitesimal diffeomorphism (8).
As usual, the corresponding group element, and particularly (8), transforms
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homogeneously under gauge transformation, which is given by the local (x-
dependent) area-preserving Fx(y):
yi + ǫijdxµ(∂/∂yj)Aµ(x, y)⇒
(F ix)
−1(F ix+dx(y) + ǫ
ijdxµ(∂/∂yj)Aµ(x, F
i
x+dx(y))) (9)
It is easy to check, that for the infinitesimal gauge transformation F ix(y) =
yi+ ǫij(∂/∂yj)ε(x, y) Eq.(9) is really equivalent to (5). Evidently, such a for-
mulae are absent for the reduced CS action (2), so, as was mentioned above,
we apply the following trick. Let’s consider the finite gauge transforma-
tion (3) for (2), given by the functions F i(x) with area-preserving condition
det∂F
∂x
= 1, and introduce the following functions, which formally are the
special gauge transformations for the symplectic CS theory (5):
F ix(y) = F
i(x+ y)− xi (10)
Here (and below) x + y means (x0, xi + yi). It is easy to check the impor-
tant property, that composition of two gauge transformations F 1 and F 2 is
equivalent to the composition of F 1x and F
2
x :
F 1x ◦ F
2
x (y) = F
1
x (F
2
x (y))
= F 1x (F
2(x+ y)− x) = F 1(F 2(x+ y)− x+ x)− x = (F 1 ◦ F 2)x(y) (11)
Similarly, we built from aµ(x) the y-dependent Aµ(x, y):
Aµ(x, y) = aµ(x+ y) (12)
and the gauge transformation of Aµ(x, y) derived from definition (12) and
gauge transformation of aµ(y), appears to be the same in form as in CS (5),
with gauge parameter εx(y) = ε(x + y), which is an infinitesimal form of
finite gauge transformation
F ix(y) = F
i(x+ y)− xi ≈ (xi + yi + ǫij(∂/∂yj)ε(x+ y)− xi
= yi + ǫij(∂/∂yj)ε(x+ y) (13)
Then we construct an y -diffeomorphism corresponding to element dxµ of
the curve C by the same expression (8), and the main statement is that
the transformation (9) with definition (10) again is equivalent to the gauge
4
transformation of aµ(x), given by the (3). So we can proceed further in a
standard way, taking the group elements for a curves C with coinciding initial
and final points, and taking the character of that element. Important is the
problem of defining the symmetries of the action (2). One of the symmetries
is the gauge symmetry (3). The other one is the invariance with respect to
the arbitrary reparametrization of time x0 ⇒ f(x0), under which aµ behaves
as a vector. Also, action (2) is invariant w.r.t. the time-dependent area-
preserving reparametrizations of x1 and x2 , under which a transforms as a
one-form. The investigation of (2) in analogy with usual CS theory remains
an open problem to be solved.
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